
Goat : contraction mapping theorem

Appendix B
- Consider the equation -

✗ = Tcx)

where T is a map

-
A solution ✗

*
to this eq. is called

" fixed point
"

-
Classical idea to find fixed point

start with initial guess ✗
,

Then ✗ i - Tcxo) → ✗2- Tch, ) → •
-
-

r

✗Kai = TCXK)
successive

approximation

-

Theorem gives sufficient condition
for

existence of fixed point ✗
* and

cmvergenee Xp→ ✗
*



•
Need to introduce Banach space
-

complete, normed, Vec. spacepreliminaries :
field, e. of IR , ¢- Vector space &X,R)µ

•
☒ MY C- X

⇒ axxby EX
Ha,b EX

•

Norm : 11 11 :X →IR

* 11h11 > o with 11×11 - o iff ✗=D

* 11×1111-12111×4

* llxayll shall allyll ltriangheineq)

• Convergence: µ¥,
☒K → ✗ if 1in 1111k - XU - o

k-3N

ask-50
µg > o

,
3-NS.t

11 ✗← ✗Ufc HK >N



I

-

Closed set

5 c-✗ is closed iff it carxergent seq.

in A has limit in A

- Cauchy seq. :{Xk} is candy it
HE > o.FM sitLim Umm - ✗nu - o

Min-soo 11 ✗n-✗MIKE , Hmm>M

• Every convergent seq. is Cauchy but not vice versa

- Space is complete if every Cauchy seq
. converges

-
Banach : Nec space * norm -1 complete

Example:

-
IRN ☒ - CK , -- > ✗m)

Uttlpz CAP -1 - - a ×nP)¥
it is complete .

-
$C[a)b ] : IR ) ⇐{f:[a ,b]→1R ; Fis

cant. }
119-11*2 Max Ifctil

→
complete

1- c- laid gee pp. 654
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- bet ✗ be Banach , SÉX closed subset

T leaves

-

T is a mapping from ✗→X S invariant

-
if

(a) TCXJES for all ✗ c-S
/

D) Fp c-[0,1) 5.t.HTCH-TPHE.PH/-yll
-

-

Then
,

contraction

C) 3 ! ✗
*
c- S s.tn Tci) - ✗

*

(2) ✗
* is obtained from successive approx.

✗km #TCXK) ⇒ ✗µ → ✗
*

proof:

- { XK} is Cauchy

NXK-i-XKN-HTCXKI-TCXK.nl/Ep1lXk-Xk-i11&p211Xka-Xk-2"
t :p" 11 ☒ ,

- ✗• 11



-
It films that

N ✗K-12 - ✗KH - H ✗1<+2 - ✗1<+1 + ✗Ka
- XK 11

triangle ineq.% 11 ✗Kxz - ✗1<+111 + 11×141 - XK "

£ fpk", pk) 11h - ✗• 11
-
Therefore

N ✗Kir - XK H £11XK-ir-XK-ir.it/-----1lXk-ii-XkHfCpkM-pHMq.-.-Pk)hK-Xdl
• P÷¥

'

un - ✗ • ta

g PK
⇒

11×1-411

→ o as k Roo

because pet

⇒ { ✗ K} is Cauchy
1



-
✗ is Banach → complete

→ 3-✗← c-X et ✗*→✗
*

-
S is closed

, ✗KES -2 ✗←⇐ s

-
To show ✗

*
is fixed point ✗%Tcx%

11×1%9 H - H ✗% ✗* + ✗* -17×911

§ 11×9×1<11 -111×1<-9×911
¥1m)

$ 11×9×1<11-1 PINK-i -✗71

→ 0 as K Too

⇒ 11×1%8111 -o e ✗9-Tag

-
To show ✗

*
is unique, suppose y%Tcy←)

11×959 U - 1119×9-959,11

f p 114+-5911 but pal

only possible if 11×15^11=0 ⇒ x%y*


